We present a stochastic optimization model for hotel revenue management with multipleday stays under an uncertain environment. Since a decision maker may face several scenarios when renting out rooms, we use a semi-absolute deviation model to measure the risk of hotel revenue, and only consider the risk of falling below the expected revenue. The method proposed in this paper can be changed to a linear programming model by applying linearization techniques. Some examples are presented to illustrate the efficiency of this method.
Introduction
Revenue (or yield) management originated with the deregulation of the US airline industry in the late 1970s. Revenue management is the application of information system and pricing strategies to allocate the right capacity to the right customer at the right price at the right time. 9, 12, 16 Revenue management strategy has been used for many years in the hotel industry. Many hotels offer special rate packages for lowoccupancy periods: Weekend rates, mid-summer breaks, new year breaks, and so on. Most hotel revenue management theories study the tactical problems of dynamic pricing, overbooking, no-shows, and cancellation using statistical forecasting methods and mathematical optimization techniques. For instance, Rothstein uses a Poisson distribution to represent customer requests in the hotel booking, and Rajopadhye et al. apply the Holt-Winters method to forecast uncertain room demand. 13, 15 Recently, Weatherford and Kimes provide a comparison of forecasting methods for hotel revenue management. 17, 18 These forecasting techniques are helpful in making booking decisions, but we know that different forecasting methods may lead to different hotel room demands, so one should select the appropriate method for each specific forecasting problem. A decision maker can use the forecast demands to make decisions through mathematical models, such as dynamic programming and stochastic programming. Relihan provides a yield-management method for hotel-room pricing, and Hanks et al. propose an approach considering discounts at the hotel. 8, 14 Bitran and Mondschein apply yield management to the hotel considering multiple-day stays. 3 Baker and Collier provide comparative revenue analysis of hotel revenue management heuristics; performance of five booking control policies under 36 hotel operating environments is compared in their paper.
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Ladany and Badinelli propose a dynamic programming formulation for managing reservations in the hotel industry. 1, 10 Goldman et al. study booking control policies using a rolling horizon of decision periods. 7 Boyd and Bilegan provide an overview of revenue management, present a successful e-commerce model for dynamic automated sales, and illustrate some related techniques and methods to control the sale of inventory. 5 Lai and Ng propose a stochastic approach and use an absolute deviation model to measure risk revenue from random demands under several scenarios.
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However, most of the models mentioned above do not consider the risk of fluctuating revenues. The demand for hotel rooms is uncertain, so a decision maker may face several demand scenarios in his decision-making process and needs to consider the risk of fluctuating revenue attached to different scenarios.
In this work, we propose an optimal strategy for renting hotel rooms when a manager faces random customer arrival. Moreover, referring to Lai and Ng, where the combination of hotel rooms rented out with higher expected revenue and lower risk is considered in the stochastic programming model, 11 we formulate a stochastic optimization model and use a semi-absolute deviation model to measure the hotel's revenue risk. We do not consider the risk of exceeding the expected revenue. The expected revenue computed by our model under the four scenarios considered is higher than that of the model presented by Lai and Ng when the same risk factor value is selected.
This paper is organized as follows. In Sec. 2, some related notations, assumptions and the stochastic programming with a semi-absolute deviation are stated. The illustrative examples are given in Sec. 3. The conclusion is presented in Sec. 4 . 
Stochastic Programming Model with a Semi-Absolute Deviation
The major notation for parameters and variables used in this paper are as follows.
• x ij is the number of bookings to be accepted (decision variables) for check-in on day i and check-out on day j, where 0 x ij is the number of check-outs on day j. As with Lai and Ng, 11 we assume there are no customers staying before day 0;
all customers have to leave the hotel on or before day T ; and any customer checkedin has to stay at least 1 night. The actual occupancy of the hotel on day k, k = 0, 1, 2, . . . , T − 1, is as follows:
This cannot exceed the total capacity: Namely for k = 1, 2, . . . , T − 1,
From the above presentation, we obtain the total revenue:
The basic mathematical model is
(1)
The objective of model (1) is to maximize the total revenue over the planning horizon and the demand is deterministic.
A decision maker usually faces different scenarios in view of demand uncertainty however, we assume that a decision maker faces a set of scenarios s ∈ Ω = {1, 2, . . . , S} associated with different demands as proposed in Lai and Ng.
11 For each scenario, the corresponding probability is p s such that p s ≥ 0 and S s=1 p s = 1. A stochastic programming model is obtained, and a semi-absolute deviation is used in this model to measure the risk of falling revenues. 6 Denote this formulation as:
where λ and w ij are nonnegative weighting factors. The first term in the objective function is the expected revenue of the hotel, and the second term is the semi-absolute deviation of the revenue. Parameter λ can be regarded as a riskaversion factor (risk trade-off factor) for the decision maker. The different values of the risk factors represent the different risk aversions between decision makers. In the following section, we show that the expected revenue decreases with increase the risk-aversion factor. The semi-absolute deviation in the third term is a model robustness measurement, and the parameters w ij are the penalty factors for constraint violations. The decision maker may improve the room occupancy duration by changing the corresponding weighting w ij .
In order to solve this model, we change the model into a linear programming model using a linearization method as shown latter. Let
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Then formulation (2) can be rewritten as follows:
x ij ≤ C, 
From the following theorem we can solve formulation (2) by solving the integer linear programme (4). 
is an optimal solution of Eqs. (4) . AndX = (x 0,1 ,x 0,2 , . . . ,x T −1,T ) is an optimal solution of formulation (2), therefore
where
And from the proof, we know thatŷ s ≥ 0,ẑ
This contradicts with that (X
* , Y * , Z * ) = (x
Multiple scenario examples

Example 1
We assume that the decision maker has four scenarios (higher/high/low/lower demand) associated with the unknown parameters (such as uncertainty of demand or different price), and, for each scenario, the corresponding probability is 0.1, 0.5, 0.3, and 0.1. We suppose that the decision maker will keep the unit rate for each room night fixed at 0.84 for all scenarios. The risk factor in Example 1 is equal to 1. For convenience in solving this model, we assume all the weightings w ij are equal to 1. The demands under each scenario are listed in Tables 3-7 , and the optimal solutions to this example are listed in Table 7 .
Example 2
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In order to shows that the advantages of our method, we present a simple comparison of our results with those of the method given in Lai and Ng.
11 Table 9 shows a detailed comparisons of the two sets of the results. Figure 1 depicts the relationship between the risk factor and the expected revenue. As it can be seen from Table 9 and Fig. 1 , the expected revenue is reduced when the risk-aversion factor grows, also the expected revenue under our method is higher than that of the method in Lai and Ng 11 when the same risk factor value is selected.
Penalty weights for feasibility robustness
The penalty weights for feasibility robustness are decision controls used by a decision maker. Given that the semi-absolute deviation in the third term of problem (2) is a model robustness measurement and parameters w ij are the penalty factors for the constraint violations, the decision maker may improve room occupancy duration
